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Abstract 
This article, by means of the ternary microscopic phase-field model, investigates the effects of re-ageing temperature on the 
precipitation of Ni75Al10Cr15 alloy with the help of atomic pictures, order parameters, particle density, averaged radii, and volume 
fractions. During pre-ageing at 873 K, DO22 phases first appear through spinodal decomposition mechanism, and then L12 phases 
begin to form on the DO22 phase-boundaries through non-classical nucleation mechanism. In either of them, ordering process is 
obviously faster than atom clustering. At the late stage of re-ageing at 923 K, the elastic strain energy seems to exert stronger 
effects on microstructure, and DO22 and L12 phases exhibit directional alignment along 100 direction to a certain extent. When 
the temperature increases to 1 023 K, the influence of elastic strain energy begins to weaken, and the precipitated phases become 
randomly distributed in the matrix. The volume fraction of DO22 phase decreases to zero, whereas that of L12 phase first in-
creases and then decreases with the temperature rising from 923 K to 1 123 K. On the whole, the effects of elastic strain energy 
make the coarsening behavior of both phases deviate from the time-law predictions by LSW diffusion-controlled growth theory. 
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1. Introduction1 
Most properties of metallic materials depend upon 
their internal microstructures. For precipitation- 
strengthened alloys, controlling the precipitate morpho- 
logy by reasonable age hardening is one of most impor-
tant measures to develop new alloys. As one of the key 
materials used in advanced aero-engines and industrial 
gas turbines, Ni-Al-Cr alloys have drawn considerable 
attention from both scientists and engineers in recent 
years[1]. The mechanical properties of this kind of 
Ni-based superalloys strongly depend on the distribu-
tion and size of the Ni3X-type precipitate particles. 
Many domestic and foreign researchers have widely 
investigated the precipitation of Ni-Al-Cr alloys. 
However, they have laid main focus on the late stage of 
precipitation[2-5]. Limited by experimental conditions, 
lots of important information cannot be gathered, and, 
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moreover, instantaneous microstructural changes in the 
early stage of precipitation are in no position to be dis-
covered with experimental instruments.  
Microscopic phase-field model is a deterministic 
method, in which atomic occupation probability is re-
garded as a field variable. It has an obvious advantage 
to acquire information about microstructural evolution 
and quantitative results such as concentration changes 
in highly non-linear and non-equilibrium kinetic system, 
so much so that it has found wide application in simu-
lating the precipitation process in Al-Li[6], Ni-Al[7], and 
Ni-Al-V alloys[8-9] for it obviates the need for presup-
posing the phase structure or nucleation mechanism of 
new phases and uses the interatomic interactions within 
the system as the only input variables. 
This article investigates the effects of re-ageing 
temperature on the precipitation of Ni75Al10Cr15 alloy 
during two-step ageing with the help of microscopic 
phase-field method. It is hoped to be of use in improv-
ing the production technology of this kind of alloys.  
2. Theoretical Methods 
Microscopic diffusion equation developed by A. G. 
Khachaturyan[10] is actually the microscopic version of 
Cahn-Hilliard equation. In this model, the atomic con-Open access under CC BY-NC-ND license.
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figuration and the morphology of a ternary alloy are 
described by a single-site occupation probability func-
tion, Pa (r, t), Pb (r, t), and Pc (r, t), which represent the 
probabilities of finding an a, b, or c atom at a given 
lattice site r at given time t, respectively. Since in a 
ternary system, Pa (r, t) + Pb (r, t) + Pc (r, t) = 1.0, only 
two equations are independent at each lattice. If Pa (r, t) 
and Pb (r, t) are assumed to be the independent vari-
ables, there will be two independent kinetic equations 
at each lattice site for species a and b, respectively. 
Then, the microscopic kinetic equation of a ternary 
system is 
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where L (rr )is the exchange probability between a 
pair of atoms,  and , at lattice sites r and r  per unit 
time, ,  = a, b or c; F is the total Helmholtz free en-
ergy of the system; T the temperature and kb the Boltz-
mann constant; (r, t) the thermal noise which is as-
sumed to be Gaussian-distributed with the average 
value of zero.  
By the mean field theory, the free energy F is ap-
proximately given by: 
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in which, as an effective interchange interaction energy 
between  and  (,  = a, b, or c), V (r – r) includes 
chemical interaction V (r – r)at and elastic interaction 
V (r – r )el[11], i.e. 
at el( ) ( ) ( )V V V        r r r r r r      (3) 
For chemical interaction V (r – r )at, it seems to be 
more precise in describing free energy to use atom in-
teraction up to the fourth neighbor owing to the transi-
tion and possible arrangement of three kinds of atoms 
in ternary system. 
1V , 
2V , 
3V , 
4V  represent the first, second, third 
and fourth nearest-neighbor interaction energy parame-
ters respectively. In the reciprocal space, the following 
equation is given: 
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where k is the corresponding lattice site after transfor-
mation in the reciprocal space; h, k, l are coordinates of 
the reciprocal lattice sites. 
In Ref.[8] and Ref.[12], the following interaction 
parameters are assumed: for Ni/Al interactions (meV/ 
atom), 1Ni/AlV  = 112.30, 
2
Ni/AlV = 6.00, 
3
Ni/AlV = 16.58, 
and 4Ni/AlV  = 6.82; for Ni/Cr interactions (meV/atom), 
1
Ni/CrV = 84.80,
2
Ni/CrV = 46.80,
3
Ni/CrV  = 10.40, and 
4
Ni/CrV = 33.20; for Al/Cr interactions (meV/atom), 
1
Al/CrV = 140.00, 
2
Al/CrV = , 
3
Al/CrV = 74.50, and 
4
Al/CrV  = 0. 
After Fourier transformation and long wave ap-
proximation, the function V(k)el in 2D model can be 
written into 
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where ex and ey are components of the unit vector e 
along the x-axis and y-axis in the reciprocal space and 
B is a material constant, which characterizes the elastic 
properties and the crystal lattice mismatch. In Eq.(6),  
0 = da(c)/(a0dc) is the concentration coefficient of 
crystal lattice expansion caused by the atomic size dif-
ference; a(c) and a0 are the crystal lattice parameters of 
solute and solid solution separately; c is the molar frac-
tion of solute atoms;  = c11c122c44 the elastic con-
stant and c11, c12, c44 are elastic constants of the system 
under study[13]. In this simulation, we have B > 0, 
which holds for alloys with negative elastic anisotropy. 
The computation work can be greatly simplified by 
substituting Eqs.(3)-(6) into Eq.(2) and then Eq.(2) into 
Eq.(1), which yields a reciprocal space representation 
of the ternary kinetic equation, and then transforming it 
from a 3D non-linear partial differential equation into a 
2D linear constant differential one. The equation is 
solved with Euler method and the atomic figures and 
order parameters at different time are obtained from the 
atom occupation probability.  
3. Results and Discussion 
In the simulation, let simulation time be the actual 
time and the time step t = 0.000 1, use 256×256 lat-
tices and impose the periodic boundary conditions in 
both directions. The color scheme is so designed that a 
mix of different proportions of colors, white (standing 
for Al), gray (for Cr) and black (for Ni), at lattice sites 
represents the ratios of the occupation probability by 
different atoms. For example, if the occupation prob-
ability of Al at a site is 1.0, then the site is colored 
white. The rest is reasoned out by analogy. The L12 
phase (Ni3Al) therefore looks white, since the dominant 
color at the Cr sites is white. Similarly, the DO22 phase 
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(Ni3Cr) gray. All Ni sites in both phases look black, 
which, therefore, makes a background. In addition, the 
ordered phase can also be identified by its arrangement 
pattern of atoms on 2D projection plane[14]. This article 
simulates the precipitation process of Ni75Al10Cr15 alloy 
during two-step ageing, in which lower pre-ageing 
temperatures are adopted to generate more nuclei, and 
then finely distributed particles are obtained by re- 
ageing at a higher temperature. The pre-ageing tem-
perature is 873 K all the time while the re-ageing tem-
peratures are chosen to be 923 K, 1 023 K, and 1 123 K 
respectively. The pre-ageing time is 10 000 time steps, 
and the re-ageing time is 1 000 000 time steps. The 
initial state of the alloy is disordered oversaturated 
solid solution. Nucleation is accompanied by certain 
thermal noise, which is removed after nucleation. The 
system is allowed to select kinetics paths freely. The 
effects of re-ageing temperature on the precipitation 
mechanism and microstructure are pried with the help 
of acquired atom appearances and order parameters, 
etc. 
3.1. Atom morphological evolution 
Fig.1 shows the atom morphological evolution of 
Ni75Al10Cr15 alloy during pre-ageing at 873 K. The 
lower pre-ageing temperature leads to a relatively 
higher saturation of alloy thus causing precipitated 
phases to emerge rapidly in the disordered matrix at 
2 800 time step as shown in Fig.1(a). They are defined 
as DO22 phases by judging the color and 2D projection 
of the atoms. The atom appearances at 10 000 time step 
are shown in Fig.1(b), from which it is clear that some 
L12 phases begin to emerge and grow on the boundaries 
of DO22 phases. Al-rich zones, due to the diffusion of 
solute atoms, form on the boundaries of less-ordered 
DO22 phases, which gradually convert into L12 phases 
with the amount of DO22 phase beginning to decrease 
correspondingly. Simultaneously, some DO22 and L12 
phases separately start to grow to the accompaniment 
of colliding, merging, and coarsening at the early stage 
of precipitation. It is corroborated by large quantities of 
DO22 and L12 phase nuclei existing in the matrix after 
pre-ageing at 873 K. 
 
(a) 2 800 time steps 
 
(b) 100 000 time steps 
Fig.1  Atom morphology for Ni75Al10Cr15 alloy during pre- 
ageing at 873 K. 
After having pre-aged at 873 K, the Ni75Al10Cr15 al-
loy is re-aged at 923 K, 1 023 K, and 1 123 K respec-
tively. From the atom morphological evolution (see 
Fig.2), can be observed: ķ The amount of precipitate 
phase decreases with the temperature rising and at 
1 123 K, DO22 phases completely disappear with L12 
phases alone present in the matrix. ĸ As the re-ageing 
goes on, particles of all sizes grow concurrently with 
colliding and merging; solute atoms in the smaller par-
ticles dissolve into the matrix and then diffuse into the 
larger particles; in this process, the smaller particles 
unceasingly shrink until completely disappearing while 
the larger particles continuously swell. In addition, as 
shown in Fig.2(c) and Fig.2(f), the particle-size of L12 
phase increases while that of DO22 phase decreases as 
the re-ageing temperature rises from 923 K to 1 023 K. 
During re-ageing at 1 123 K, remarkable differences in 
size between individual L12 phase particles and sig-
nificantly disordered regions can be observed in the 
matrix (see Fig.2(i)). ĹAt the late stage of coarsening 
process, elastic strain energy seems to exert much more 
effects on morphological evolution of precipitate 
phases at lower re-ageing temperature. Fig.2(c) shows 
the atom appearances at 1 000 000 time steps during 
re-ageing at 923 K. From it, it is clear that precipitate 
phase particles exhibit alignment along 100 direction 
to a certain extent. The effects of elastic strain on mi-
crostructure begin to weaken with the re-ageing tem-
perature rising, and the precipitate phase particles be-
come randomly distributed in the matrix at 1 123 K 
(see Fig.2(i)). As the temperature rises, the number of 
precipitate phase particles decreases and the elastic 
interaction arising from the overlap of the elastic strain 
fields weakens. In fact, in many Ni-based alloys there 
exists the same phenomenon caused by elastic strain 
energy as in Ni-Al-Ti aged microstructures discovered 
by T. Maebash, et al[15]. A. C. Lund, et al.[16] found the 
L12 phase particles that align themselves along 100 
direction in Ni-Al system and Y. Nunomura, et al.[17] 
also discovered experimentally the same phenomenon 
in L12 and DO22 phases in the pseudo-ternary Ni3Al- 
Ni3Ti-Ni3V system. 
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(a) 50 000 time steps, 923 K          (b) 200 000 time steps, 923 K         (c) 1 000 000 time steps, 923 K 
 
 (d) 50 000 time steps, 1 023 K          (e) 200 000 time steps, 1 023 K         (f) 1 000 000 time steps, 1 023 K 
 
(g) 50 000 time steps, 1 123 K          (h) 200 000 time steps, 1 123 K         (i) 1 000 000 time steps, 1 123 K 
Fig.2  Atomic morphology evolution for Ni75Al10Cr15 alloy during re-ageing. 
3.2. Nucleation mechanism 
The difference between nucleation growth and spi-
nodal decomposition is mainly attributed to the evolu-
tion of concentration within the ordered phase. Con-
centration at a site is defined by an average of occupa-
tion probabilities of the nearest-neighbor and the sec-
ond-nearest neighbor sites, i.e. 
( , ) = [ ( 1, 1) + ( 1, ) + ( 1, +1) +
( , 1) + ( , ) + ( , +1) + ( +1, 1) +
( +1, ) + ( +1, +1)] / 9
C i j P i j P i j P i j
P i j P i j P i j P i j
P i j P i j
   
 
(7) 
Ordering process can be described by a long order 
parameter expressed by[18] 
( , ) ( , )( , )
( , ) cos[( )]
C i j P i ji j
C i j i j
 

         (8) 
where P(i, j) is the occupation probability of atoms, 
C(i, j) the local concentration, (i, j) the long range 
order (LRO) parameter at the position (i, j). 
Fig.3 shows the evolution of Cr-concentration and 
LRO parameter of Cr within DO22 phase of Ni75Al10- 
Cr15 alloy during pre-ageing at 873 K respectively. As 
shown in Fig.3(a), the concentration within DO22 phase 
slightly fluctuates at 1 800 time step and as the pre- 
ageing progresses, the concentration gradually rises 
with its range keeping constant. Meanwhile, the evolu-
tion of concentration is characterized by a concave in 
the middle with two prominent shoulders. This is be-
cause of the Cr solute atoms diffusing along phase 
boundaries that result in a temporary lack of Cr atoms 
at the center of DO22 phase. When the Cr solute atoms 
continue to diffuse, the middle part of the concentration 
curve becomes a plateau meaning the concentration 
finally reaches the equilibrium at 10 000 time step. The 
evolution of concentration within DO22 phase is in 
general agreement with the characteristics of spinodal 
decomposition that concentration slightly fluctuates in 
an extensive range. Fig.3(b) shows that the LRO pa-
rameter of DO22 phase rapidly reaches equilibrium at 
the time when the concentration of DO22 phase is far 
away from the equilibrium at 4 000 time step, which 
demonstrates that ordering process goes faster than 
atom clustering. 
Fig.4 presents the evolution of Al-concentration and 
LRO parameter of Al within L12 phase of Ni75Al10Cr15 
alloy during pre-ageing at 873 K. From Fig.4(a), it is 
observed that the concentration evolution within L12 
phase differentiates from that within DO22 phase in its 
slight fluctuation at 3 200 time step and its center much 
higher concentrated than the edge. As the pre-ageing 
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Fig.3  Evolution of Cr-concentration and LRO parameter of 
Cr within DO22 phase of Ni75Al10Cr15 alloy during 
pre-ageing at 873 K. 
 
Fig.4  Evolution of Al-concentration and LRO parameter of 
Al within L12 phase of Ni75Al10Cr15 alloy during pre- 
ageing at 873 K. 
progresses, the middle part of the concentration curve 
of L12 phase slowly becomes a plateau meaning the 
concentration rises gradually to equilibrium. And then 
it continues to widen together with the growth of L12 
phase. Moreover, the phase boundaries of L12 phase are 
characteristic of disperse interfaces. All these aforesaid 
corroborate that the L12 grows in accompany with 
non-classical nucleation. It can be seen from Fig.4(b) 
that the LRO parameter of L12 phase begins to slightly 
fluctuate at 1 800 time step and quickly rises to reach 
equilibrium at 3 200 time step. Similar to DO22 phase, 
in L12 phase, the ordering process is faster than atom 
clustering. 
3.3. Particle density and radius 
Fig.5 shows the particle density evolution within 
DO22 and L12 phases of Ni75Al10Cr15 alloy during 
re-ageing at different temperatures. It can be observed 
that particle density within both DO22 and L12 phases 
soars to a peak and then drops at three different re-age-
ing temperatures, which means coarsening begins at the 
early stage. Their density decreases and reaches the 
maximum sooner at higher re-ageing temperature. The 
particle density of both L12 and DO22 phases decreases 
with the re-ageing temperature rising from 923 K to 
1 123 K until equilibrium is reached. 
 
Fig.5  Particle density evolution of DO22 phase and L12 
phase for Ni75Al10Cr15 alloy during re-ageing at dif-
ferent temperatures. 
Fig.6 shows the evolution of the cubes of averaged 
radius of DO22 phase and L12 phase in Ni75Al10Cr15 
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alloy respectively during re-aging at different tempera-
tures. With the re-ageing temperature rising from 923 K 
to 1 023 K, the averaged radius of either phase tends to 
increase though, the L12 phase grows much larger than 
the DO22 phase at the same time point. However, when 
the re-ageing temperature continues to increase to 
1 123 K, the saturation degree of alloy decreases, both 
DO22 and L12 phases begin to dissolve with the aver-
aged radius of L12 phase diminishing and that of DO22 
phase gradually disappearing. 
 
Fig.6  Evolution of cube of averaged radius of DO22 phase 
and L12 phase for Ni75Al10Cr15 alloy during re-aging 
at different temperatures. 
In conclusion, when submitting Ni75Al10Cr15 alloy to 
re-ageing at different temperatures, the particle density 
decreases but the averaged radius increases. The 
time-dependent increase of cube of averaged radius of 
DO22 and L12 phases is characterized by absence of a 
linear relationship, which, if any, exists only in the 
early stage of coarsening. The so-called LSW theory 
and its extension under the condition of limited volume 
fraction describes the dynamics of the Ostwald ripening, 
in which one of the phases fills a very small volume 
fraction of the system and the driving force of coarsen-
ing is assumed to be only the surface energy. When 
taking into account the effects of strain on the coarsen-
ing of particles, on the whole, the coarsening behavior 
of two phases fails to follow the time-law predictions 
by LSW diffusion-controlled growth theory. 
3.4. Evolution of volume fraction  
Fig.7 shows the volume fraction evolution of DO22 
and L12 phases in Ni75Al10Cr15 alloy during two-step 
ageing. It can be observed that there are two features: 
ķ With the re-ageing temperature rising, the volume 
fraction of DO22 phase decreases to zero while the 
volume fraction of L12 phase first increases and then 
decreases, which can be explained by both DO22 and 
L12 phases starting to dissolve at very high re-ageing 
temperatures. ĸ As re-ageing progresses, the volume 
fraction of DO22 phase first attains a peak and then be-
gins to decrease with slight increase following again, 
but the L12 phase changes in a relatively gentle manner. 
It can be ascribed to there being full of competing and 
compromising between DO22 phase and L12 phase in 
all stages of the whole precipitation process, and the 
way the alloy behaves depends on which phase would 
be at an advantage in each stage. 
 
Fig.7  Evolution of DO22 phase volume fraction and L12 
phase volume fraction for Ni75Al10Cr15 alloy during 
ageing and re-ageing. 
4. Conclusions 
(1) In the pre-ageing stage, DO22 phase first form 
through spinodal decomposition mechanism, and then 
L12 phase begins to emerge on the DO22 phase bounda-
ries through a non-classical nucleation mechanism. The 
ordering process of both DO22 and L12 phases goes 
faster than atom clustering. 
(2) Elastic strain energy exerts much more effects on 
the morphology of precipitate phases, and DO22 and 
L12 phases exhibit directional alignment along 100 
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direction to a certain extent at lower re-ageing tem-
peratures. With the re-ageing temperature increasing, 
the precipitate phase begins to dissolve thus soothing 
the influences from the elastic strain energy and having 
ordered phases randomly distributed in the matrix. 
Taking account of the effects of elastic strain energy, on 
the whole, the coarsening behavior of two phases fails 
to follow the time-law predictions by LSW diffu-
sion-controlled growth theory. 
 (3) The volume fraction of DO22 phase decreases to 
zero, whereas that of L12 phase first increases and then 
decreases with the temperature rising from 923 K to 
1 123 K, which indicates existence of competing and 
compromising between DO22 phase and L12 phase in 
every stage of the whole precipitation process.   
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